Populations whose mating pairs have levels of similarity in phenotypes or genotypes 5 that differ systematically from the level expected under random mating are described as experi-6 encing assortative mating. Excess similarity in mating pairs is termed positive assortative mating, 7 and excess dissimilarity is negative assortative mating. In humans, empirical studies suggest that 8 mating pairs from various admixed populations-whose ancestry derives from two or more source 9 populations-possess correlated ancestry components that indicate the occurrence of positive as-10 sortative mating on the basis of ancestry. Generalizing a two-sex mechanistic admixture model, we 11 devise a model of one form of ancestry-assortative mating that occurs through preferential mating 12 based on source population. Under the model, we study the moments of the admixture fraction 13 distribution for different assumptions about mating preferences, including both positive and neg-14 ative assortative mating by population. We consider the special cases of assortative mating by 15 population that involve a single admixture event and that consider a model of constant contribu-16 tions to the admixed population over time. We demonstrate that whereas the mean admixture 17 under assortative mating is equivalent to that of a corresponding randomly mating population, 18 the variance of admixture depends on the level and direction of assortative mating. In contrast 19 to standard settings in which positive assortment increases variation within a population, certain 20 assortative mating scenarios allow the variance of admixture to decrease relative to a corresponding 21 randomly mating population: with the three populations we consider, the variance-increasing effect 22 of positive assortative mating within a population might be overwhelmed by a variance-decreasing 23 effect emerging from mating preferences involving other pairs of populations. The effect of assor-24 tative mating is smaller on the X chromosome than the autosomes because inheritance of the X 25 in males depends only on the mother's ancestry, not on the mating pair. Because the variance of 26 admixture is informative about the timing of admixture and possibly about sex-biased admixture 27 contributions, the effects of assortative mating are important to consider in inferring features of 28 population history from distributions of admixture values. Our model provides a framework to 29 quantitatively study assortative mating under flexible scenarios of admixture over time.
: Schematic of the mechanistic model of assortative mating by population. Two source populations, S 1 and S 2 , contribute females and males to the next generation of the hybrid population H, potentially with time-varying proportions. The fractional contributions of the source populations and the hybrid population to the next generation g are s 1,g , s 2,g , and h g , respectively. Sex-specific contributions from the populations are s f 1,g , s f 2,g and h f g , and s m 1,g , s m 2,g and h m g , for females and males, respectively. H γ α,g,δ represents the fraction of admixture from source population α ∈ {1, 2} in generation g for a random individual of sex δ ∈ {f, m} in population H for chromosomal type γ ∈ {A, X}. Within the admixed population, at every generation, parents from generation g − 1 pair according to one of three mating models. Individuals from S 1 are represented by triangles, S 2 by pentagons, and H by squares. (A) Random mating. The probability of a pairing is given by the product of the proportional contributions of the two populations. (B) Positive assortative mating. Individuals are more likely to mate with individuals from their own population. (C) Negative assortative mating. Individuals are more likely to mate with individuals from a different population. In each panel, a mating pair is indicated by a pair of adjacent symbols. Each panel considers the same values for the contributions from the three populations to generation g + 1.
generation. For the admixed population H, h δ g is the corresponding parameter. We maintain relations 87 between parameter sets from Goldberg et al. (2014, eqs. 1-6) . Specifically, female (superscript f ) and male 88 (superscript m) contributions must each sum to 1, 89 s f 1,g + h f g + s f 2,g = s m 1,g + h m g + s m 2,g = 1.
(1) 90 Additionally, the total contribution from a source population is the average of the sex-specific contributions 91 from that source, 92 s 1,g = (s f 1,g + s m 1,g )/2
(2) 93 s 2,g = (s f 2,g + s m 2,g )/2
(3)
For a randomly mating population, the probability that an individual in the admixed population has 96 a specific parental pairing is the product of the associated female and male contribution parameters. For 97 example, the probability that an individual in the admixed population in generation g has a female parent 98 from S 1 and a male parent from H is s f 1,g−1 h m g−1 . To consider deviations from random mating, we define 99 a new parameter c ij,g as the difference between the probability that a mating pair in generation g contains 100 a female from population i and a male from population j (Table 1 ) and the corresponding probability in a 101 randomly mating population with the same contribution parameters. Here, i, j {1, h, 2} for populations 102 S 1 , H, and S 2 , respectively.
103
The parameters c ij,g govern the strength and direction of assortative mating. We assume that the 104 assortative mating preference is constant over time after the founding of the admixed population. Therefore, 105 we have two sets of parameters: c ij,0 for the founding generation, and c ij for all further generations. Because 
110
The values of the c ij are bounded such that the probability of each given parental pairing (Table 1) 111 takes its values in the interval [0, 1] , and such that each probability is no greater than the probability of 112 one of its constituent components. For example, if c 11 > 0, then c 11 ≤ min(s f 1,g−1 , s m 1,g−1 ) − s f 1,g−1 s m 1,g−1 . Table 1 : Recursions for autosomal and X-chromosomal admixture. The table shows the probability of parental pairings and the admixture fractions for each of the nine possible pairings for a randomly chosen female and a randomly chosen male from the admixed population at generation g.
for all i and j = i. If individuals from a source population are most likely to mate with individuals from the other source, then c 12 > 0 and c 21 > 0.
We study the random variable H γ α,g,δ describing the admixture fraction from source population α at 124 generation g for a chromosomal type γ in a random individual of sex δ in the admixed population. The Under the model, following Goldberg et al. (2014, eq. 12), we can use the law of total expectation to write a recursion for the expected value of the admixture fraction from source population 1 for a random individual of sex δ sampled from the admixed population in generation g as a function of conditional expectations for all possible parental pairs L. As H A 1,g,f and H A 1,g,m are identically distributed, we write expressions for sex δ when considering autosomal admixture, understanding that δ takes on the same value, f or m, throughout Section 3. Using the values from Table 1 , for the first generation, in which neither parent is from population H, we have
For all subsequent generations, g ≥ 2, we have
Using eqs.
(1)-(4), we can simplify eq. (8) to give, for g = 1,
For g ≥ 2, recalling that H A 1,g,f and H A 1,g,m are identically distributed, eq. (9) becomes
Applying eqs. (5)- (7), for the expected value of autosomal admixture in a random individual of sex δ 142 from the admixed population sampled at g = 1, we have
144
For subsequent generations g ≥ 2, we have
Higher moments
Next, we write a general recursion for the higher moments of the autosomal admixture fraction from popula-156 tion S 1 in a randomly chosen individual of sex δ from the admixed population. For moments k ≥ 1, similar 157 to eqs. 20 and 21 of Goldberg et al. (2014) in generation g = 1, we obtain
159
For g ≥ 2, we have
161
For k = 1, eqs. (12) and (13) simplify to produce the recursion in Table 1 . Using the law of total expectation, and following our calculation for the expected value of autosomal admixture, we can write an expression for the higher moments of autosomal admixture by summing the conditional values for autosomal admixture given the parental pairings over all possible sets of parental source populations. For the first generation, g = 1, we have
For g ≥ 2, we have For g ≥ 2, we have
For k = 1, eqs. (16) and (17) reduce to eqs. (10) and (11).
166
The recursions for the higher moments of the autosomal admixture fraction distribution follow the 167 corresponding expressions for a randomly mating population, but with additional terms that are linear in 
Variance
Using eqs. (16) and (17) for k = 2, we can write expressions for the second moment of autosomal admixture.
175
For g ≥ 2, because H A 1,g−1,f and H A 1,g−1,m are identically distributed, we have
Using the definition of the variance V H
, with the expressions 176 for the expected value of autosomal admixture, eqs. (10) and (11), and the second moment, eqs. (18) and 177 (19), we can write an expression for the variance of autosomal admixture. For g = 1, we have
179 For all subsequent generations, g ≥ 2, we have
For a randomly mating population, with c ij,0 = 0 and c ij,g = 0 for all i and j, eqs. (20) and (21) 
184 For g ≥ 2, recalling eqs. (6) and (7), we have
Eqs. (22) and (23) Following the same approach as in the corresponding derivation for the autosomal admixture fraction, we 192 can use the law of total expectation to write recursions for the moments of X-chromosomal admixture.
193
Because the distribution of admixture differs for females and males on the X chromosome (Table 1) for the moments of admixture cannot be reduced as they were for the autosomes.
201
(1)-(7), we can use the values from Table 1 to write expressions for the expectation of and (11)), exchanging γ = A for γ = X in the superscript. For X-chromosomal admixture in males, for
As was the case for the autosomes, the expectation of X-chromosomal admixture in eqs. (24) Following the derivation for the autosomes and using Table 1 , we can write general coupled recursions for 214 the higher moments of the X-chromosomal admixture fraction from population S 1 in a randomly chosen 215 female and male from the admixed population. As was true for the expectation, the recursion for the 216 X-chromosomal admixture fraction in a female from the admixed population for k ≥ 1 is the same as 217 the recursion for autosomal admixture in eqs. (12) and (13), exchanging the superscript A for X. For 218 X-chromosomal admixture in a male, we have, for g = 1,
Using the law of total expectation and the binomial theorem, and following the derivation of the auto-223 somal admixture moments, we can write simplified coupled expressions for the moments of X-chromosomal 224 admixture, separately considering a female and a male from the admixed population for k ≥ 1. For g = 1, 225 the recursion for the kth moment of X-chromosomal admixture in a female is equal to the corresponding 226 recursion in the case of autosomal admixture, eq. (16). For a male in g = 1, we have
228
For g ≥ 2, using the conditional independence of H X 1,g−1,f and H X 1,g−1,m given H X 1,g−2,f and H X 1,g−2,m , we have
Unlike for the autosomes, the female and male admixture fractions are not identically distributed or 229 conditionally independent, so the dependence on both H X 1,g−1,f and H X 1,g−1,m in eq. (27) cannot be further 230 reduced. For k ≥ 2, moments of the X-chromosomal admixture fraction depend on the assortative mating 231 parameters, c ij,0 and c ij . However, conditional on H X 1,g−1,f , moments of the X-chromosomal admixture 232 fraction sampled in a male from the admixed population do not depend on the assortative mating parameters.
233
Because a single copy of the X chromosome is inherited from mother to son, the distribution of admixture 234 for male X chromosomes in a given generation is affected only by the origin of the mother and not by the 235 probabilities of parental pairings in Table 1 . For k = 2, we can use eqs. (26)-(28) to write coupled expressions for the second moment of X-chromosomal 238 admixture in a randomly selected female and male from the admixed population. Recalling eqs.
(1)-(4),
239
for g = 1, the second moment of X-chromosomal admixture in a female is the same as the expression for autosomal admixture in eq. (18), substituting superscript X in place of A. For the second moment of 241 X-chromosomal admixture in males in g = 1, we have
Following our derivation of the variance of autosomal admixture in Section 3.3, we can write the variance of X-chromosomal admixture in a female and in a male from the admixed population using the expected values and second moments of X-chromosomal admixture. For g = 1, we have
We denote the variance of X-chromosomal admixture under random mating, in a random female and male from the admixed population, by V RM [H X 1,g,f ] and V RM [H X 1,g,m ], respectively. Setting all c ij,0 and c ij parameters to zero, for g = 1, we have
Using eqs. (33)-(36), we can rewrite the variances in eqs. (29)-(32) as functions of the variance under a similar randomly mating population. For g = 1, we have
For g ≥ 2, conditional on H X 1,g−1,f and H X 1,g−1,m , and recalling eqs. (6) and (7), we have
In contrast to the expectation, the variance of X-chromosomal admixture depends on the assortative 244 mating parameters c 11 , c h1 , c 1h , and c hh . Conditional on the female and male variances of X-chromosomal 245 admixture in generation g − 1, the variance of X-chromosomal admixture in a male sampled in generation g 246 is equivalent to that in a corresponding randomly mating population. To analyze the behavior of the model, we study the moments of the distribution of autosomal and X-249 chromosomal admixture for two special cases of constant admixture processes over time. First, in Section 250 5, we consider a case with no contributions from the sources after the initial founding. That is, for g ≥ 2,
Because only the admixed population 252 contributes after the first generation, all assortative mating parameters for further generations equal 0,
Next, in Section 6, we examine the special case of constant non-zero contributions over time. In Sections 255 5 and 6, we assume that the assortative mating process is the same for both sexes. That is, c ij,0 = c ji,0 20), we observe that the 267 variance for a single admixture event can be written as a geometric sequence with ratio 1 2 . For g ≥ 1, we
Recalling the variance of autosomal admixture for a randomly mating population produced by a single 
As is true in a randomly-mating population, the long-term limit of the variance over time is zero, with the 274 effect of assortative mating being multiplied by 1 2 each generation, and with the distribution of admixture 275 narrowing around the same mean value as in a randomly mating population, s 1,0 (Goldberg et al., 2014, 276 eq. 35).
277
For positive assortative mating, with c 11,0 > 0, the variance (eq. (42)) is larger than in a corresponding 278 randomly mating population (Goldberg et al., 2014, eq. 35) . For negative assortative mating, c 11,0 < 0, 279 the variance is smaller (Figure 2a ). The effect of the initial non-random mating on the population decreases 280 monotonically each generation, as all individuals mate randomly within the admixed population, with no 281 further contributions from the sources. In a given generation and given the contributions s f 1,0 and s m 1,0 , 282 the variance is directly related to c 11,0 . Therefore, the maximal and minimal variance occur when c 11,0 is 283 maximized and minimized, respectively.
284
Negative assortative mating also introduces a minimum in the variance of autosomal admixture, with For g = 1,
Next, for g ≥ 3, we can rewrite the variance of X-chromosomal admixture in a female as a two-generation 295 recursion,
Goldberg and Rosenberg (2015, eq. 8), and we can take an analogous approach to solving the recursion.
299
The recursion for the variance includes a factor of 4 in each generation; therefore, the closed-form expression 300 contains a factor of 4 g . We define y g = 4 g V[H X 1,g,f ], and for g ≥ 3, we have 301 y g 4 g = y g−1 /4 g−1 + y g−2 /4 g−2 4 .
.
305
Next, for g ≥ 3, we write y g as A g s f
and A 1 = 1, A 2 = 5, B 1 = 1, and B 2 = 1. Calculating further values of B g , we note that B g = A g−1 . We 306 can therefore rewrite
308
The sequence A g is reminiscent of a similar recursively defined sequence that appears in the X-309 chromosomal expectation for a single admixture event in Goldberg and Rosenberg (2015) . A g is a 310
Lucas sequence (OEIS A006131), which can be written in closed form by using its generating function, 311 a(x) = 1/(1 − x − 4x 2 ). For g ≥ 1, we have
17 .
313
For a single admixture event, the variance of the admixture fraction in both males and females (eqs. (43) 314 and (44)) decays to zero over time, as 4 g grows faster than A g . The effect of assortative mating on the X-315 chromosomal variance decreases at a slower rate-c 11,0 accumulates a factor of 1+ √ 17 8 each generation-than 316 for the autosomal variance, in which c 11,0 is multiplied by a factor of 1 2 each generation (eq. (42)).
317
For specified contribution parameters s f 1,0 and s m 1,0 , given g, the maximum and minimum of the variance since admixture. For positive assortative mating, we observe that for both the autosomes ( Fig. 2a ) and the 323 X chromosome (Figs. 2b and 2c) , the variance of admixture is greater relative to corresponding randomly 324 mating populations with the same contribution parameters. For negative assortative mating, the variance is values of c 11,0 produce a higher variance of admixture than that of a randomly mating population (c 11,0 = 0), 333 and negative values of c 11,0 produce a lower variance. The autosomal variance decreases monotonically with 334 g for each value of c 11,0 . The X-chromosomal variance is not monotonic as g increases for a specific value of 335 c 11,0 , as can be seen from the existence of points of intersection of the lines (Fig. 4b ), and as is described for (Fig. 4c ).
340
For all initial contributions s f 1,0 and s m 1,0 , and assortative mating parameter values c 11,0 , the limit of 341 the autosomal and X-chromosomal variances as g → ∞ equals zero. That is, for admixture processes with 342 no contributions after the founding, in both assortative and randomly mating populations, the distribution 343 of admixture narrows around the mean. (71) and (72)) as g → ∞. Recalling eqs. (37)-(40) and using eq. (73) for the definition of P 3 , we have to a corresponding randomly mating population 378 We next consider the effect of assortative mating on the variance of admixture compared to a corresponding 379 randomly mating population with the same contribution parameters. We demonstrate that the behavior of 380 the variance depends on the nature of the assortative mating parameters. That is, positive assortative mating 381 can either increase or decrease the variance relative to a corresponding randomly mating population.
382
First, we consider assortative mating in which preference for one's own population is the largest of 383 the three preferences, and, for source populations, preference for the other source population is the smallest 384 of the three. Additionally, all three populations, S 1 , H, S 2 , experience the same direction of mating pref- Here, we show that for positive assortative mating, eq. (45) can be written as the sum of a positive quantity 393 and the limit of the variance of admixture for autosomes under random mating. That is,
We recall that the quantity s1 1−h is the limit of the expectation of autosomal ancestry, and therefore 396 takes its value in (0, 1) (Verdu and Rosenberg, 2011, eq. 31). We can rewrite the right-hand side of 397 eq. (48) as
where D 1 is a given constant in (0, 1). Under this assortative mating scenario, we can rewrite eq. (6) to give 400 a range for c 1h of (− c11 2 , c 11 ) and, by our definition, we have c 11 , c hh > 0 for positive assortment. Because f 401 is linear in c 1h , its minimum in terms of c 1h occurs at the boundary of the range of c 1h . Substituting for c 1h 402 its lower bound, − c11 2 , we have
404
This quantity is positive because D 1 takes its values in (0, 1), and c 11 , c hh > 0. Therefore, we have demon-405 strated that this scenario of positive assortative mating increases the variance of autosomal admixture relative 406 to a randomly mating population with the same contribution parameters. 407 eq. (46) can be written as the sum of a positive quantity and the limit of the variance of the female X-409 chromosomal admixture under random mating. That is,
We recall that the quantities P 3 and s f 1 + h f P 3 are the limits of the expectations of female X-412 chromosomal, and male X-chromosomal ancestry, respectively, and therefore take their values in (0, 1)
413
(Goldberg and Rosenberg, 2015, Appendix). We can rewrite eq. (49) as
with D 2 ∈ (0, 2) and D 3 ∈ (0, 1). These upper bounds arise from the fact that 0 < P 3 < 1 and 0 < 416 s f 1 + h f P 3 < 1 (Goldberg and Rosenberg, 2015, Appendix). As in the cause for autosomal admixture 417 above, f is linear in c 1h . Therefore, its minimum in terms of c 1h occurs at the boundary of the range of c 1h .
418
Substituting for c 1h its lower bound, − c11 2 , we have
For this scenario of positive assortative mating, we can see that f is always positive because c 11 , c hh > 0 by 421 definition, and D 2 ∈ (0, 2) and D 3 ∈ (0, 1). for hybrids, we can rewrite eq. (6) to give a range for c 1h ∈ (c 11 , − c11 2 ) and c 11 , c hh < 0 for negative 425 assortment. To show that the maximum value f A can take is less than zero, we use the upper bound of 426 c 1h , which is equal to − c11 2 , and is a positive value because c 11 < 0. Using this bound gives the same 427 quantity seen in eq. (48); under negative assortative mating, f A is negative because D takes its values in 428 (0, 1), and c 11 , c hh < 0. Next, considering female X-chromosomal admixture, we can see that f X is negative 429 for all parameter values under this scenario of negative assortative mating. Substituting the lower bound 430 of c 1h = − c11 2 into (49), we have the same quantity seen in (50). For negative assortative mating, we have 431 c 11 , c hh < 0, and D 2 ∈ (0, 2), D 3 ∈ (0, 1). Therefore, f X is negative for all parameter values in this negative 432 assortative mating scenario.
433
In sum, when all populations experience positive assortative mating and the preference for one's own 434 population is the strongest preference, we see that the variances of autosomal and X-chromsomal ancestry can 435 be written as a positive term plus the corresponding variance for a randomly mating population. Similarly, 436 for negative assortment, the variances in equations (45) and (46) However, we can think of a more general type of assortative mating instead, allowing assortative mating to 442 be positive in one population and random or negative in the other two populations. That is, we consider 443 positive assortative mating with respect to population i as c ii > c ij , c ji for i = j, and negative assortative 444 mating with respect to population i as c ii < c ij , c ji for i = j. Notably, these conditions are not mutually 
539
The estimated timing of admixture, g, is directly related to the assortative mating constant c 11,0 . Therefore, 540 fixing s f 1,0 , s m 1,0 , and V A , positive assortative mating increases g relative to random mating. That is, failing 541 to account for positive assortative mating makes admixture appear more recent than the true admixture Recalling that the values of the c ij,0 are bounded such that the probability of each given parental pairing takes its values in the interval [0, 1], and such that each probability is no greater than the probability of one of its constituent components, for c 11,0 > 0, we have c 11,0 ≤ min(s f 1,0 , s m 1,0 ) − s f 1,0 s m 1,0 . In this case, c 11,0 ≤ 0.25. For c 11,0 < 0, we have c 11,0 ≥ s f 1,0 s m 1,0 . In this case, we have c 11,0 ≥ −0.25. However, g cannot be negative; therefore, in this case, we truncate the domain at the value of c 11,0 that produces g = 0. The value of g for a randomly mating population with the same contributions and variance is shown in the dashed line. with the estimated g monotonically increasing in c 11,0 . When c 11,0 ≥ 0, the age of admixture is greater than 553 in a randomly mating population with the same variance and contributions. Conversely, when c 11,0 ≤ 0, 554 estimates of g are smaller than in a corresponding randomly mating population.
555
The variance-inflating effect of positive assortative mating on the admixture level is similar to that and s m 1,0 for a randomly mating population founded in a single admixture event with no further contributions.
654
The corresponding extrema for the variance of autosomal admixture were previously analyzed by Goldberg 655 et al. (2014) . Here, we use the model of Goldberg and Rosenberg (2015) to study the variance of X-656 chromosomal admixture in a randomly mating population (c 11,0 = 0). We perform this computation for 657 completeness, to provide parallel results for the X-chromosomal case to those derived by Goldberg et al.
658
(2014) for the autosomes.
659 Figure A1 plots the variance of X-chromosomal admixture in females using eq. (44) with c 11,0 = 0, for 660 multiple values of g. As g increases, the admixed population mixes with no further contributions from the 661 source populations, and the variance decreases for all values of s f 1,0 and s m 1,0 . 
671
Next, we can find the critical points of the X-chromosomal variance for a given value of s 1,0 , permitting 672 s f 1,0 and s m 1,0 to vary. Recalling eq. (2), we rewrite the variance of X-chromosomal admixture (eq. (44), with 673 c 11,0 = 0) as a function of s f 1,0 and s 1,0 . We have
675
Setting the first derivative of eq. (52) with respect to s f 1,0 equal to 0, we find that the critical point of 676 the variance of X-chromosomal admixture occurs at
678
This critical point is a maximum because the second derivative of eq. (52) is negative, −2(A g + A g−1 ).
679
Following the same procedure, we can write the variance of X-chromosomal admixture in females as a 680 function of s m 1,0 and s 1,0 . We have
producing a maximum at We also have the constraints that s f 1,0 and s m 1,0 take their values in [0, 1]. Eqs. (53) and (54) lie within 685 this interval when both of the following pairs of inequalities hold:
688
Eq. (55) is always satisfied, as A g > A g−1 , so that the left hand side of the inequality is negative and the 689 right hand side exceeds 1. Therefore, the maximum always occurs when s f 1,0 takes the value in eq. (53).
690
When eq. (56) is satisfied, the maximum occurs when s m 1,0 follows eq. (54), and when s m 1,0 is outside the 691 bounds in eq. (56), the maximum occurs at s m 1,0 equal to 0 or 1.
692
Next, we find the minima of the variance of the female X-chromosomal admixture fraction with respect 693 to s f 1,0 and s m 1,0 for specified s 1,0 . Eqs. (53) and (54) 
696
For s 1,0 / ∈ {0, 1}, the minimum variance is on the boundary of parameter values, 0 ≤ s f 1,0 , s m 1,0 ≤ 697 min(1, 2s 1,0 ). Specifically, for 0 ≤ s 1,0 ≤ 1 2 , the minimum variance occurs when (s f 1,0 , s m 1,0 ) = (0, 2s 1,0 ).
698
Using eq. (44), we see that because A g > A g−1 , the variance of the female X-chromosomal admixture 699 fraction is smaller when (s f 1,0 , s m 1,0 ) = (0, 2s 1,0 ) than when (s f 1,0 , s m 1,0 ) = (2s 1,0 , 0). Therefore, unlike for 700 the autosomes, the minima are not symmetric for the X chromosome ( Figure A1, for g > 1) . Specifically, 701 because A g is monotonically increasing, variance depends to a greater extent on s f 1,0 than on s m 1,0 , and the 702 minimum variance for a specific s 1,0 occurs when s 1,0 = 0, but not s m 1,0 = 0. respectively). We substitute these equations in eqs. (22) and (23) to produce a closed form for the variance 713 under assortative mating by population. We have For the limit as g → ∞, we recall eq. 53 from Goldberg et al. (2014),
Therefore, taking the limit as g → ∞ of the variance of autosomal admixture in eq. (57), we have
720
Finally, assuming assortative mating is the same for the two sexes, c ij = c ji , we have eq. (45). Here, we find an expression for the limit of the variance of X-chromosomal admixture as g → ∞ in a randomly 725 mating population. We follow the structure of Appendix 1 from Goldberg and Rosenberg (2015). Using (59)
738
In eq. (61), d 1,g depends on g through the expectation of X-chromosomal admixture. However, we can use undefined for g = 0. For convenience, we therefore work with W (x) = Z(x)/x, setting w g = z g+1 for g ≥ 0.
746
We then have
748 and w g = d 1,g + d 2 w g−1 + d 3 w g−2 for g ≥ 2 by eq. (60). Using eq. (64), it follows that 749 W (x) = w 0 + w 1 x + ∞ g=2 (d 1,g + d 2 w g−1 + d 3 w g−2 )x g 750 = w 0 + w 1 x + d 1,g ∞ g=2
752
Solving for W (x), we have
754
We can decompose the expression in eq. (65), producing 755 W (x) = Q 1,g 1 − r 1 x + Q 2,g 1 − r 2 x + Q 3,g 1 − x ,
759
Setting eq. (65) equal to eq. (66), we have 760 Q 1,g = (w 0 r 1 + w 1 − d 2 w 0 )(r 1 − 1) + d 1,g (1 − r 1 )(r 2 − r 1 ) 761 Q 2,g = (w 0 r 2 + w 1 − d 2 w 0 )(r 2 − 1) + d 1,g (1 − r 2 )(r 1 − r 2 ) 762 Q 3,g = d 1,g (1 − r 1 )(1 − r 2 )
. (Q 1,g r g 1 + Q 2,g r g 2 + Q 3,g )x g .
766
Therefore, for g ≥ 0, w g = Q 1,g r g 1 + Q 2,g r g 2 + Q 3,g , and the closed-form expression for the X-chromosomal 767 female mean admixture fraction in generation g ≥ 1, V[H X 1,g,f ], is 768 z g = Q 1,g r g+1 1 + Q 2,g r g+1 2 + Q 3,g .
769
Because for h f , h m ∈ [0, 1], r 1 monotonically increases in h f and h m and r 2 monotonically decreases, ), as h f and h m cannot both be 1. Because |r 1 |, |r 2 | < 1, the variance of the female 773 X-chromosomal admixture fraction in eq. (70) approaches a limit as g → ∞. Using eqs. (70) and (36), we 774 can find expressions for the limit of the variance of the X-chromosomal admixture fractions, 
